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TA: Vidisha Vachharajani
March 19, 2010

1 Question 1
After expansion we get: X = (F')"Y(E)"'B'A' + H'G'B'A' + (F")"Y(E")~'CD + H'G'CD.

2 Question 2

We know that the RHS is:

X/MOX—I—n(a_c—a)(:Z‘—a)':X[I—:lnl/}X+n(:f—a)(:f—a)' (1)
= Z (z; — z)(x; — ) + n(Z — a)(Z — a)’ (2)
= Zx? — 2nZa + na’ (3)

)

However since ), x; = nZ, the LHS is also the same as above.

3 Question 3

When you write out the Kronecker products and their traces, you get:
n
tT(A & B) = traijbij = Z aiibii (4)
i
n n n
tr(A)tr(B) =Y ai Y bi =Y aibi (5)

4 Question 4

The eigenvalue equation you get is: —A(A\2 — 15\ + 5) = 0. The eigenvalues you obtain are:
\ = (. 15205
=0, o=y,



5 Question 5

Using the quotient and chain rule:

I(X'Ax/x'Bx) Zx(A+ A')(x'Bx) + Zx(B + B')(x'Ax)

0z - (X’Bx)g (6)

6 Question 6

6.1 Getting the matrices

50 11 51 —13
1 11 35 15 47

= (7)
108 | 51 15 45 -3
| 13 47 -3 77T |
49 —11 -51 13 |
1 —11 73 —15 —47
= 108 (8)
08 | —51 —15 63 3
| 13 47 3 31 ]
MP is a 4 x 4 matrix of zeroes. Finally, P and M based on X are the same as above.
6.2 Eigenvalues and Eigenvectors
Both M and P being idempotent, have only eigenvalues 0 and 1.
7 Question 7
For eigenvalues of A, the equation is:
(1=A+3p)(1=Xx=p)’=0 (9)

which gives eigenvalues Ay =1+ 3pand \; =1—p, 7 =2,3,4.
For A1, eigenvector is (1,1,1,1)" and for the other eigenvalues, the eigenvector is (1,1, —1,—1)".

8 Question 8

Since both 6; and f are unbiased, we have that E(é) = 6. This implies that ¢; + ¢ = 1. Call
c1 =c,and cg =1 —c. Call Var(0) = v, Var(0;) = v and Var(fz) = ve. Then, the variance can
be written as:

v =t + (1 -y (10)
We can now minimize this variance w.r.t. ¢, and solve for ¢. We thus obtain ¢; = " qfv , and
1 2
cy = " 1—]i—lv . On taking the second order derivative, we see that indeed this is the minimu. Thus,
1 2
the minimized variance is v* = — 2.
v1 + U9



9 Question 9

Suppose the constant term is written as a = Y . dyy; = a)y_ ;di + 8, diz;. Then for a to be
unbiased, we need ), d; =1, and ), d;z; = 0. On minimizing Var(a), subject to these two above
constraints, we get as solutions:

2
N

A o= —2 QL 11
! ’ NnSze (11)
No = 2027 (12)

2 =20,5—

SI‘I

2

T — (20 ®a)wi
d; = = L 13
! NSy (13)
Then given the above, a =), djy; =y — W =9y — Ba’c, making the estimator unbiased.

10 Question 10

/
- X
The least squares estimator for a model without the constant is § = fy, whereas for the model
x'x

i (@i —2)(yi — )
> (v —7)?
Var(B)/Var(8) = [UQ/X/X]/[U2/Z (zi —2)*] <1 (14)

. The ratio of their variances is:

with a constant, we have B =

since Y, (z; — 7)? = x'x + nz>.

11 Question 11

Consider the two models: unrestricted model, with a constant, and the restricted model (indexed
by R) without a constant.

In the unrestricted model, we minimize the sum of squared residuals, to get coefficient vector
8= (X’X)~' X"y, and residuals é. In the restricted model, we minimize sum of squared residuals,
with restriction R = v, where = (1,0,...,0)’, and v = 0. When we solve the restricted problem,

we get, as solution:
(B>_< / /)1< /y) 1
A) U R 0 0

where A is simply the Lagrange multiplier. Solving this out:

B=pB—(X'X)"'"R(R(X'X)"'"R')"'Rj (16)

Also, since we can write

we can derive:



de=¢e+ B/R/ [R(X/X)flR/]fl R,B (18)

>0

From the above, we thus have that & > ¢€¢é, which implies that restricted R? is less than the
unrestricted R2.

12 Question 12

We can write e; as e; = y; — x;B, so that e; — ¢; = 2}(5 — B) Since plimB = [, we have the result.

13 Question 13
1. Coefficient from the original untransformed regression: (1) = (X'MjX )~ X' M}y
2. Transform both y and X: 3®) = (X' M}MoX)~' X' M} My = V)
3. Transform only X: /) = (X'M{Mo X)X My = ;0]
4. Transform only y: S = (X' X)X’ M}y # gV

14 Question 14

YX'XB)/k -
Here, F = M, where 3 = (X'X)~!1X'e, since 8 = 0. Now, F can be re-written as:
ee/(n —k)
'X(X'X —1X/
€Me/(n — k)
/X XIX —le k /
_ CXXX)TXe/k - p, ce (20)
o o
Further, B(F) = —"—"
e =
urther, — %5
15 Question 15
The example model you have here is:
yi =6 +u; (21)

where u; ~ N(0,62) and are i.i.d., i = 1,...,n. Thus, y; ~ N(61,62), and are also i.i.d. You need
to use this model to construct the IM test.

15.1 Log-likelihood

) = e 22)
i = —€ 2
V= far /s
Then:
1 1 1 (y; —61)?
1(6) = log () = — 2 log 27 — Llogy — 2 Wi 1) (23)
2 2 2 02



15.2 Vech component
We know:

a(yi, 0r) (24)

This is a “vech”, or a g x 1 vector created from C(6),x,. Here, p=2 = ¢ < 3.
For creating a,(6,), we need:

1 Olog f  yi— 01
00 6y
9 dlogf _ (yi—61)*> 1
C o9, | 202 20,
3 0% log f 1
S R
4 Plogf 1 (yi—61)°
C003 202 03

Then compute squares and cross-products ¢, 7 = 1,2. Then create a (yi, én) using given formula:

aue)\? , %) | (yi—01)? 1
a0, ) T 62 02 9
i _ | awwoaie |, o2 | _ (yi—01)% _ 3(yi—61)
a <y1’9”> = | oo, o6, T omo0, | — 203 203 (25)
oo 921(0 3 3wi—01)® | (wi—01)*
(%2)) + %g) | W T
0
o 1 ¢ - Y
i (B) = n2;a<y9n) - 2ndg 2 Ui (26)
1= “ A~
o X (af - 383)
-2
where 0y = 2. U , and u; = y; — 01. Also, notice that:
n
_ 0 ;
1y 2\
it Z a (Qh n) — <2n922> x Skewness (27)
n =1 1
(4n9§) x Excess Kurtosis

15.3 Variance

Now consider assembling components of the Variance.

A(6o) _JEE‘MZE[ 96, } (28)



1 -
0~
Alo)=10 0
0 0 |
Similarly:
% 0]
J(QO): 1

Both A(f) and J(6y) can be consistently estimated using §. Next, define

gi(6) = a (y én) + A(é)J(é)‘lagg)

= (i1, 92, Giz)'

Notice that:

0 2
AG)J@O) =10 0
0 0
Further:
- 0 _é"i_e%(yi_ély
0)T0) 5 = 0
0
Thus:
0
a@ = |  —amWi—0)+ gy —6)°

Now consider the whole variance equation:

1L )
V(o) = nh—>H§o - z; E [9i(60)gi(60)']
where

0 0 0
9i(00)9i(00)" = | 0 gi2giz  gi2gi3
0 9i3gi2 9i39:3

Now consider it component by component:

(29)

(30)

(33)

(34)

(35)

(36)

(37)



9
E[gl2gl2} =F (y - 1)6 + (y'L ‘91)2 (yz 91)4 (38)
465 46 2603
31
L (39)
Also:
Elgi2gis] = Elgisgia] = 0 (40)
1 9 9 3
E\gi3gi3| =E | —<(yi — —= i — — = (y; — 61)°
9 3 (41)
—— (i —01)* + —=(y; — 0
405, (y 1)+ 896( 1)

By using normality, E(y; — 01)* = 0a, E(y; — 61)* = 303, E(y; — 61)® = 1563, E(y; — 61)® = 10565.
Thus:

31
Elgisgis] = =— 42
oisis] = 5 g (42)
Finally, we have:
0 0 0
0o 2L o
V(6y) = 253 (43)
31
0 0 359

This can be consistently estimated using V(é) Then, finally, combining all the above, we have:

IM = nay(6,) V(e) o (62) (44)

(3

l\Dl\D

(45)



