Solution to Midterm

(a). the characteristic roots is
/\1 == 4 )\2 = 9

for A\; = 4, we denote the correspondent characteristic vector by (A1, A12)’, after calculation,
A1 = —2 % \j9, add standardization condition \?, + A%, = 1, then the characteristic vector is
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Similarly, for Ay = 9, the correspondent characteristic vector is (
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(b).The (1 — )% joint confidence interval is given by
BeR[(B—p)X'X(S~P) < Faa—220°

where 5 = (51, 52)', 8= (Bl, BQ)’, this is an equation of an ellipse with the center at (Bl, BQ)’
and the ratio of the lengths of the axes of the ellipse is 4/ i—; = g The axes lengths are different
but not too much.

2.
(a). We can write

(Y = XB) = (Y = XP) + X (5 - )

Hence

(Y = XB)(Y = XB) = [V = XB)+X(B— B[V - XP) + X(3 - ]
= (Y-x 2<Y XB)+ (5= BYX'X (5~ )
+2Y = XBYX(5 - 5)

Since (Y —X3)'X = ¢’X = 0, so the proof is done. And it is easy to see that (3—3)' X' X (3—
) > 0, therefore (1) implies (Y — X3)'(Y — X3) = 3 u?2 has the least value at § = Bo.s,
which is essentially the least squares principle.

(b). For the model y; = (5 + u;,

X=[11-- 1] ad Y=[wy v - 4]
then
X'X=n, and f=(X'X)XY = Zyz .y
therefore,
w82 =Y (i — ) =nG—p)>
3.

(a). For our case,



where 62 = 1 3" (y; — 7). Hence,
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(b).We can write model (2) as
Yi=u+ 6

note that Y; = y;, x; =1, [ = u and ¢; has the following properties:
¢ follows IID N (0,0%) for i=1,2,---,n

(¢). Hy: u=0,aspecialcaseof H: Rf=6,withR=1, [F=wu, and 0 =0.We
also have X’X=n, hence

which is the same as part (a).

4.
(a).Note that Y = 3y + 31X + B.Xs + €, hence

V=Y = 61(X1 — X1) + Bo(Xi2 — Xo) + (6, — ©)

then we have
y; = P11 + Paza; + (6, — €)

so there is no (3, in the deviation model.
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} and X'Y =(10,8) = (X'X)!'= { _

Hence, o
(ﬁl, ﬁg) = (07, OQ) and ﬁo Y ﬁle — ﬁQXQ =

G)_ o122 877 _ [ 8 &
Vg |79 s 2] =9 |8 &
80 80
and 62 = Y452y — (.07, hence V() = 0.07 % 12 = 0.0105, s0 Se(f) = 1/(0.0105) =
0.102

(b). Note that

By —
t =196 > ¢
B2 = Se(ﬁg 0.05,20
so reject H at 5% significant level.
5. R
(a).We have 3 = 3+ (X'X) ' X'e i.e.
- X'X\ 7 Xe
Since \/ﬁe ~ N (0, 0%Q) and lim £X = @Q, so

ma —B)~ N (0,Q'o%)

2



SO
Vn(R3 = RB) ~ N (0, RQ™'R'0%)
Under Hy: R3 =96 R
Vi(RB = 6) ~ N (0, RQ™'R'¢?)
SO R R R
RB -9 _ V=94 V(BB -9
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Since 62 ~ 0% and lim <% = @, so
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therefore .
RG—9 ~ N (0,1)
VORR(X'X) 1R
(b). Under normality assumption
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Under H,, )

RB ~ N (RB,0*°R(X'X)'R') = N (§,0’R(X'X)'R)

SO

. ___RB
RpB—6 B o2R(X'X)~ 'R/ N(0,1)

\/&QR(X/X)—lR/_ \/(n;—lz)&z/(n_k) B Xi—k/(n_k)

therefore, under normal assumption, the statistic has exact t-distribution, asymptotically the
distribution does not change.

6.
(a). 1 lﬁ 2
Ly = —5ln(2m) = 5ln(0?) (y ;a“;t )
1 3)\2
L= Z L, = —gln(%r) — gln(UZ) Z(thUft )

A . , A
where U; = y; — ;8

(b).
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We define d; as the following way:
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(d).
We can write R
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where my = limn™' > 4, my = limn™

(e).

Ef(dyd)) = plimn™! Z
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Based on the discussion about Fy,(f) and E}[d,F},] in the above question, so we have

Ef(dyFy) By [Fy L) B (Fudy)

[ m%204 mimse20* mims20* 0 0 0
mimoot  m220t  myms20* 0 0 0

| mumgo* momgot m320* 0 0 0
N 0 0 0 0 00
0 0 0 0 00

0 0 0 00 0|

E;(d.d}) is block diagonal.
(®.




[ 1 Uy U2 1 [ 1 Uy U2Uq
% Uy U U3 0 0 0—24 (751 Uiur UiU2 0 0

. Uy U Uy _ U1U; UU2 U2U3
Vi) = 0 s [ wm] 0 00
20° Up U9 0 0 0
I 0 0 = || 0 0 0

so T, ~ X2, and

= T, = [>_(a7 = )N &€ D (a7 — 6%)¢]/20" ~ x3
& is p(p + 1) /2 vector consisting of the lower triangular elements of z;x;, — n~' Y 2,2}
Tgn ~ Xg and Tgn ~ X%

(g). Ti,: Heteroskedasity test
15, and T3, : J-B normality test.

7.
(a). The likelihood function is given by

1 ,
1(0) = nLogL(0) = nlog [20] = — " ly: — ;6]

BMLE — argmazgl(0) = argming Z [y: — %36

(b). When ¢; follows normal distribution, Bols is appropriate. If the distribution is a Laplace
distribution, then [, WiAH be inefficient and affected by outlying observation. However, (3, is
easier to compute than 37 5.

8.
(a). By integrating w.r.t. y;

Y
I N =k 2,
og f(y:) 1+/ p——— Yi

where £, is a constant. It is equivalent to:

flyi) = /<2€f_':0+;21“’i2

Yi

dy;

dy; . .
where k is a constant, we denote ¢(y;) = ef coteas? ™ gince f(y;) is a p.d.f, we should have

1
/f(yi)dyi =1=ky= —f S
therefore o4
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The log-likelihood fn. is

160) = > In(y:) —n In / o(y:)dy;

(b). If we put co = 0, that is to test Normality of y; by testing Hy : ¢ = 0, and LM test
for normality will be based on (‘ZEZ) ley0
(c). The test will be a test for kurtosis. For normal distribution, kurtosis = 3. The LM test
will check whether the sample kurtosis is close to 3. Since we test only one restriction, this test
statistic follows y? asymptotically.
(d). No, this test basically assumes that the underlying density is symmetric. So for

asymmetric density, this test is not suggested.




