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SOLUTION

This solution contains only answers. Your exam answers will be graded based
on this solution, and they will be expected, at least, to have points along with
the presented solution.

This is a closed-book examination. Answer as many questions as you can. Credit
for each question is given in [ ]. GOOD LUCK!
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1. [15]
Note that β̂ =

∑
xiyi/

∑
x2

i , V (β̂) = σ2/
∑

x2
i , and σ̂2 = (1/(n − 1))

∑
(yi − β̂xi)

2.
The t-statistic is

t =
β̂ − 1

s.eβ̂
=

β̂ − 1√
σ̂2/

∑
x2

i

=

√∑
x2

i (β̂ − 1)

σ̂
∼ tn−1. (1)

And note that ∂l(θ)/∂β = (
∑

yixi−β
∑

x2
i )/σ

2. Since β̃ = 1 and σ̃2 = (1/n)
∑

(yi−
xi)

2, d(β̃) = (n
∑

yixi −
∑

x2
i )/

∑
(yi − xi)

2, and I(β̃)−1 = σ̃2/
∑

x2
i = (1/n)

∑
(yi −

xi)
2/

∑
x2

i . Thus,

LM = n
[
∑

yixi −
∑

x2
i ]

2

∑
(yi − xi)2

∑
x2

i

(2)

The relationship can be found from the equation (after tedious calculation)

t2/(n− 1)

1 + t2/(n− 1)
=

[
∑

yixi −
∑

x2
i ]

2

∑
(yi − xi)2

∑
x2

i

. (3)

From (2) and (3)

LM = n
t2/(n− 1)

1 + t2/(n− 1)
.

2. [10+7]
a. Note that: OLSE from (1) is β̂1 = (X ′

1M2X1)
−1X ′

1M2Y , and OLSE from (2) is
β̌1 = (X ′

1X2)
−1X ′

1Y .

Unbiasedness:

E(β̂1) = (X ′
1M2X1)

−1X ′
1M2E(Y ) = (X ′

1M2X1)
−1X ′

1M2X1β1+(X ′
1M2X1)X

′
1M2X2β2 =

β1 (since M2X2 = 0). Therefore, β̂1 is always unbiased.
Now, E(β̌1) = (X ′

1X1)
−1X ′

1(X1β1 + X2β2) = β1 + (X ′
1X1)

−1X ′
1X2β2. Therefore,

E(β̌1) = β1 only if β2 = 0 (i.e., models (1) and (2) are the same) and/or X ′
1X2 = 0

(i.e., X1 and X2 matrices are orthogonal).

Efficiency:

We can write β̂1 = β1 + (X ′
1M2X1)

−1X ′
1M2ε.

Then, V (β1) = (X ′
1M2X1)

−1X ′
1M2V (ε)M2X

′
1(X1,M2X1)

−1 = σ2(X ′
1M2X1)

−1. We
also have V ((̌β)1) = σ2(X ′

1X1)
−1.

We have V (β̌1)
−1 − V (β̂1)

−1 = (1/σ2)(X ′
1X2(X

′
2X2)

−1X ′
2X1) (p.s.d), and V (β̂1) −
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V (β̌1) is p.s.d. Therefore the β̌1 is always more efficient than the β̂1 (whether or nor
β2 = 0).

b. We can avoid the use of partitioned inverse formula. Let us denote X = [X1, X2]

and β = (β1, β2)
′. Then (1) is simply, Y = Xβ + ε. Then β̂OLS = (β̂1, β̂2)

′ =
(X ′X)−1X ′Y .
Now, E(β̂OLS) = (X ′X)−1X ′E(Y ) = (X ′X)−1X ′X1β1 = (X ′X)−1X ′(X1, X2)(β1, 0)′ =
(β1, 0)′. Therefore, E(β̂1) = β1 and E(β̂2) = 0. Hence, the OLS estimator of β1 from
the model (1) is unbiased.

3. [5+5]
Variance covariance matrix of Wi is

V [Wi] =




V (wi1) Cov(wi1, wi2) · · · Cov(wi1, wiT )
V (wi2) · · · Cov(wi2, wiT )

. . . ...
V (wiT )




Now V (wit) = V (ui + εit) = V (ui) + V (εit) = σ2
u + σ2

ε = 1 (independence). And
Cov(wit, wit′) = V (ui) = σ2

u (independence). Hence, we can write

V (Wi) = (1− σ2
u)I + σ2

u11
′.

4. [(6+3)+(5+4)]

1. Let MLE β̃ and σ̃2. Then, β̃ = (X ′X)−1X ′Y and σ̃2 = (1/n)(Y −Xβ̃)′(Y −Xβ̃).
We know that OLS estimator are: β̂ = (X ′X)−1(X ′Y ) and σ̂2 = (1/(n − k))(Y −
X ′β̂)′(Y − X ′β̂). Note that the MLE β̃ is same as the OLS estimator. MLE σ̃2 and
OLS σ̂2 differ only by their denominator.

2.a. Basically,

l(θ) = K − n log φ− 1

2

∑ |yi − x′iβ|δ
φδ

,

where θ = (β′, φ)′. The MLE of β is

β̂ = arg min
β

n∑
i=1

|yi − x′iβ|δ.
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2.b. (i) For δ = 1, we have β̂MLE = median of (y1, y2, · · · , yn); (ii) For δ = 2, we
have β̂MLE =

∑
yi/n; (iii) For δ → ∞, obviously any value of β can minimize∑

(yi − β)∞. But, note that as δ → ∞, f(εi) becomes a uniform distribution. One
possibly use β̂ = (y(n) − y(1))/2, where y(j) is j-th order statistic for y.

5. [5+5+5]

a. l(θ) = log f(ε1, ε2, · · · , εn) = log
∏n

i=1 f(εi) =
∑n

i=1 log f(εi), where εi = yi − x′iβ.

log f(εi) = K1 +

∫
c1 − εi

σ2 − c1εi

dεi,

where K1 is a constant of integration. Or

f(εi) = K2 exp

[∫
c1 − εi

σ2 − c1εi

dεi

]
,

= K2ψ(εi)

where ψ(εi) = exp(
∫

(c1 − εi)/(σ
2 − c1εi)dεi) and K2 = eK1 = 1/(

∫
ψ(εi)dεi). Thus,

f(εi) = ψ(εi)/
∫

ψ(εi)dεi.

l(θ) =
∑

log ψ(εi)− n log

∫
ψ(εi)dεi,

where θ = (β′, σ2, c1)
′.

b. For the normal distribution, ∂ log f(εi)/∂εi is linear in εi. This can be done by
putting c1 = 0. Therefore, a test for normality can be obtained by testing H0 : c1 =

0. An score test for normality is based on ∂l(θ̃)/∂c1 evaluated at c1 = 0.

∂l(θ)

∂c1

=
∑ ∂ log ψ(εi)

∂c1

− n

∫ ∂ψ(εi)
∂c1

dεi∫
ψ(εi)dεi

(4)

First term in (4):

∑ ∂

∂c1

∫
c1 − εi

σ2 − c1εi

dεi =
∑ ∫

(σ2 − c1εi)− (c1 − εi)(−εi)

(σ2 − c1εi)2
dεi.

This reduce to ∑∫
σ2 − ε2

i

σ4
dεi =

σ2
∑

εi

σ4
−

∑
ε3
i

3σ4
.

4



When we put θ = θ̃,
∑

ε̃i = 0. So the first term is nµ3/3µ
2
2. The second part is

−n

∫
exp

(∫
c1−εi

σ2−c1εi
dεi

) [∫ (σ2−c1εi)−(c1−εi)(−εi)
(σ2−c1εi)2

dεi

]
dεi∫

ψ(εi)dεi

= 0 at c1 = 0.

Therefore,
∂l(θ)

∂θ

∣∣∣∣
c1=0

=
nµ3

3µ2
2

.

c. Testing c1 = 0 is essentially checking the third moment µ3 ' 0. Therefore, it
will be test for skewness. Since H0 : c1 = 0, we test only one restriction and the test
statistic Ã χ2

1 under H0.

6. [5+10]

a. Obvious.

b. H0 : β̂pnc = β̂puc against Ha : β̂pnc 6= β̂puc. The t-statistic (which follows ∼ t17

under H0).

t =
β̂pnc − β̂puc√

V (β̂pnc) + V (β̂puc)− 2COV (β̂pnc, β̂puc)
' 1.08

Therefore, we cannot reject the null that the consumer don’t differentiate between
the changes in the prices of new and used car.

7. [10]

Consider the model with k = 2, y = β1x1 + β2x2 + u, where {ui} are i.i.d. mean 0
and variance σ2 random variable. Assume also lim n−1X ′X = A, where A is a 2×2
nonsingular matrix. Then, β̂1/β̂2, where β̂1 and β̂2 are the least squares, assuming
β2 6= 0, is asymptotically normal with variance-covariance matrix σ2γ′Aγ, where
γ′ = (β−1

2 ,−β1β
−1
2 ).

Bonus question [10]:

The t-test for testing H0 : βj = 0 is given by t = β̂j/(s.e.β̂j) = β̂j/([σ̂
2(X ′X)−1

jj ]1/2).
Suppose under Ha : βj = δ 6= 0.
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Then under Ha, plim t = (plim β̂j lim
√

n)/(plim σ̂2n{lim(X ′X/n)−1
jj }1/2)

= δ lim
√

n/(σ{lim(X ′X/n)−1
jj }1/2). Since we assumed lim(X ′X/n) = Q finite, plim r =

∞. Since the test is unbounded as n → ∞, we will reject H0 with prob 1. We need
other assumption that εi ∼ IIDN(0, σ2).

6


