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SOLUTION

This solution contains only answers. Your exam answers will be graded based
on this solution, and they will be expected, at least, to have points along with
the presented solution.

This is a closed-book examination. Answer as many questions as you can. Credit
for each question is given in [ ]. GOOD LUCK!
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1.
a. Note that: OLSE from (1) is f; = (X{MoX;) ' X{ MY, and OLSE from (2) is
51 — (X{XQ)_IX{Y

Unbiasedness:

E(f1) = (X{MX1) ' X{MoE(Y) = (X] Mo X)) XMy X By + (X My X)X My X5
= [ (since My X, = 0). Therefore, 3, is always unbiased: Now, E(3;) = (X]X;)71X]
(X181 + Xa8) = By + (X]X1) ' X| X50,. Therefore, E(8;) = £, only if 85 = 0 (i.e.,
models (1) and (2) are the same) and/or X| X, = 0 (i.e., X; and X, matrices are
orthogonal).

Efficiency:

We can write Bl = ﬁl + (X{MQXI)_lxiMQE. Then, V(Bl) = (X{M2X1>_1X{M2V(€)
M2X{<X1v7 M2X1>_1A: 02(X1M2X1>_1. We also have V((ﬁ)1> = 0.2(X11X'1)—1. We
have V(51)™ = V(B1) 7" = (1/0%) (X[ Xo(X3X5) 7' X5X4) (p-s.d), and V(B1) — V(Br)

is p.s.d. Therefore the [ is always more efficient than the Bl (whether or nor 3, = 0).

b. We can avoid the use of partitioned inverse formula. Let us denote X = [X, X,]
and 8 = (f1,02). Then (1) is simply, ¥ = X + e. Then Bors = (Bl,Bg)’ =
(X'X)"1XY. Now, E(Bors) = (X'X)IX'E(Y) = (X'X)" X' X168 = (X'X)"LX'
(X1, X5)(51,0) = (B1,0). Therefore, E(3,) = f; and E(3,) = 0. Hence, the OLS
estimator of 3; from the model (1) is unbiased.

2.
The constrained OLS estimator ia a solution to

mﬁin(Y — XpB) (Y — XpB) subjectto RS =2.
The objective function is convex in # and the constraints are linear. Denoting the
Lagrangian multipliers by A the Lagrangian function is
L= (Y = XBY(Y = XB) = X(RB - d).

The FOCs are —2X'(Y — X°) — R'A, = 0 and Rj3? = ¢. From the former equa-
tion we can get 80 = 3, + 1/2(X’X)"'R')\,. And, this yields § = RS? = Rf, +
1/2R(X'X)"'R'\,. So we have A\, = 2(R(X'X) ' R')(6 — RB°). Therefore, the con-
strained OLS estimator is

B = B+ (X'X)'R(R(X'X) ' R') ™' (5 — RB,).
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When the constraints are misspecified, R, # ¢, the constrained OLS estimator
converges to

lim B = By +E(X'X)'R(REX'X)'R) (6 — RBo).

In general, Constrained OLS estimator is inconsistent. For ¢ € R? ¢3° is consistent
for ¢y iff /E(X'X)"'R' = 0.

3.

In this case, fa(é)A = Bg, and Hgé) is ko x k matrix [0:1], where Oy, xx, and I, xk,-
Then W = 3,V (f2) "' 2. Since By = (X5 M1 X2) ' X5 Myy and V(5z) = 6% (X5 M1 X5) ™!
the Wald statistic is

1
W= gy/M1X2(X§M1X2)_1X§M1y.

The conventional F’ test for 8, = 0 is

n—=k % y/M1X2(XéM1X2)_1XéM1y
ko y' Mxy ‘

F =

Thus the Wald statistic is nothing but y' M; Xo (X5 M X5)~* X5 Myy/(y Mxy/n). Thus

’I”L]{/’Q

n—=k

W = F.

4.

When 63 and 6, are equal to zero, fi(z) is nothing but the standard normal prob-
ability density function. Moreover, since the log density is expressed in a very
simple form: log fi(z) = — Zi:o 0,2%, the score function under the null is S, =
n[0,0,0, fiz, fis — 3]. Thus the LM test statistics is (1/n)5,7,'S1 = n(ji2/6 + (42 —
3)?/24). The LM test statistics is exactly the same as Jarque and Bera’s normality
test. Since skewness of the distribution of financial asset returns is assumed to
be zero this test is hard to be applied in this case because the quartic exponential
distribution does not admit the symmetric and leptokutic behavior.



We know that V(fors) = (X'X) ' X'SX(X'X)"! where & = V(e). After simple
calculation we obtain

/ _1 / / _1 _ 0.435 _0073
(XXX BX(XX) —0.073 0.0197

Thus the correct standard errors for 31,015 and Bg,ols are 0.66 and 0.14, respectively.
So we can say that the conventional formula (¢%(X'X)™!) gives lower s.e. than the
true variance formula.

7.

Consider the linear regression model with heteroskedasticity as y = X 5+ ¢, where
V(e) = ¥ = diag(o?,02, -~ ,02). We have fors = (X'X)"'X'y. Hence the true
variance V(BoLs) = (X'X) 1 X'SX(X'X)™ . White considered an estimator of ¥
as ¥ = diag(62,62, - ,62), where ¢ = y — X and showed plim(1/n)X’ SX =
lim(1/n)X'SX. Hence a consistent estimator of V(3ors) is (X'X) ' X'SX (X' X) !

8.

This is a question about simple calculation of conditional mean and variance. Ob-
vious. The derived conditional variance function is the same as the ARCH(q)
model. This implies that the consideration of randomness in conditional mean
parameters affect conditional variation of the variable.

Bonus. [You should write down your derivation explicitly]

The correlation between f3; and 3, is (Cov(ﬁl, ﬁg) /(V(3,)V(B))*? conditional on
21 and z,. Since V(3,) = o2(x,Moxy)™" and V() = o?(zh,My2,)" we can write
xy Moxy as (1— ((xlxg)z)/((xlxl)(I2x2))x1x1 Thus 2} Mexy = (1— ,6 )zix1. The same
applies to ), Myz,. Thus V(3;) = o *(1 — p*)zy2y and V(By) = 02(1 — p2)ahs. By
calculation one can show that Cov(fy, 62) = o2(x} Mawy) ', Mo Myao(xh, Myas) ™
Here o\ My M z5 = (p* — 1)2, 5. Thus we can write

A oA 0> — 1)z)x
Cov(By, Ba) = ([)2,#
07T X1 ToT2
This finally yields
Cov(B, B2) (p° — Doy .

(V(BI)V(B2))1/2 o (1— /32)(x’1x1)1/2(x’2x2)1/2 =



