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SOLUTION

This solution contains only answers. Your exam answers will be graded based
on this solution, and they will be expected, at least, to have points along with
the presented solution.

This is a closed-book examination. Answer as many questions as you can. Credit
for each question is given in [ ]. GOOD LUCK!
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1.
a. Note that: OLSE from (1) is ˆ̄

1 = (X ′
1M2X1)

−1X ′
1M2Y , and OLSE from (2) is

ˇ̄
1 = (X ′

1X2)
−1X ′

1Y .

Unbiasedness:

E( ˆ̄1) = (X ′
1M2X1)

−1X ′
1M2E(Y ) = (X ′

1M2X1)
−1X ′

1M2X1¯1 + (X ′
1M2X1)X

′
1M2X2¯2

= ¯1 (since M2X2 = 0). Therefore, ˆ̄1 is always unbiased. Now, E( ˇ̄1) = (X ′
1X1)

−1X ′
1

(X1¯1 + X2¯2) = ¯1 + (X ′
1X1)

−1X ′
1X2¯2. Therefore, E( ˇ̄1) = ¯1 only if ¯2 = 0 (i.e.,

models (1) and (2) are the same) and/or X ′
1X2 = 0 (i.e., X1 and X2 matrices are

orthogonal).

Efficiency:

We can write ˆ̄
1 = ¯1 + (X ′

1M2X1)
−1X ′

1M2². Then, V (¯1) = (X ′
1M2X1)

−1X ′
1M2V (²)

M2X
′
1(X1,M2X1)

−1 = ¾2(X ′
1M2X1)

−1. We also have V ((̌¯)1) = ¾2(X ′
1X1)

−1. We
have V ( ˇ̄1)

−1 − V ( ˆ̄1)
−1 = (1/¾2)(X ′

1X2(X
′
2X2)

−1X ′
2X1) (p.s.d), and V ( ˆ̄1) − V ( ˇ̄1)

is p.s.d. Therefore the ˇ̄
1 is always more efficient than the ˆ̄

1 (whether or nor ¯2 = 0).

b. We can avoid the use of partitioned inverse formula. Let us denote X = [X1, X2]

and ¯ = (¯1, ¯2)
′. Then (1) is simply, Y = X¯ + ². Then ˆ̄

OLS = ( ˆ̄1, ˆ̄2)
′ =

(X ′X)−1X ′Y . Now, E( ˆ̄OLS) = (X ′X)−1X ′E(Y ) = (X ′X)−1X ′X1¯1 = (X ′X)−1X ′

(X1, X2)(¯1, 0)
′ = (¯1, 0)

′. Therefore, E( ˆ̄1) = ¯1 and E( ˆ̄2) = 0. Hence, the OLS
estimator of ¯1 from the model (1) is unbiased.

2.
The constrained OLS estimator ia a solution to

min
¯

(Y −X¯)′(Y −X¯) subject to R¯ = ±.

The objective function is convex in ¯ and the constraints are linear. Denoting the
Lagrangian multipliers by ¸ the Lagrangian function is

ℒ = (Y −X¯)′(Y −X¯)− ¸′(R¯ − ±).

The FOCs are −2X ′(Y − X ˆ̄0
n) − R′ ˆ̧

n = 0 and R ˆ̄0
n = ±. From the former equa-

tion we can get ˆ̄0
n = ˆ̄

n + 1/2(X ′X)−1R′ ˆ̧
n. And, this yields ± = R ˆ̄0

n = R ˆ̄
n +

1/2R(X ′X)−1R′ ˆ̧
n. So we have ˆ̧

n = 2(R(X ′X)−1R′)(± − R ˆ̄0
n). Therefore, the con-

strained OLS estimator is

ˆ̄0
n = ˆ̄

n + (X ′X)−1R′(R(X ′X)−1R′)−1(± −R ˆ̄
n).
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When the constraints are misspecified, R¯0 ∕= ±, the constrained OLS estimator
converges to

lim
n→∞

ˆ̄0
n = ¯0 + E(X ′X)−1R′(R(EX ′X)−1R′)−1(± −R¯0).

In general, Constrained OLS estimator is inconsistent. For c ∈ Rp c′ ˆ̄0n is consistent
for c′¯0 iff c′E(X ′X)−1R′ = 0.

3.
In this case, ℎ(µ̂) = ˆ̄

2, and H(µ̂) is k2 × k matrix [0
... I], where 0k2×k1 and Ik2×k2 .

Then W = ˆ̄′
2V̂( ˆ̄2)−1 ˆ̄

2. Since ˆ̄
2 = (X ′

2M1X2)
−1X ′

2M1y and V̂( ˆ̄2) = ¾̂2(X ′
2M1X2)

−1

the Wald statistic is

W =
1

¾̂2
y′M1X2(X

′
2M1X2)

−1X ′
2M1y.

The conventional F test for ¯2 = 0 is

F =
n− k

k2
× y′M1X2(X

′
2M1X2)

−1X ′
2M1y

y′MXy
.

Thus the Wald statistic is nothing but y′M1X2(X
′
2M1X2)

−1X ′
2M1y/(y

′MXy/n). Thus

W =
nk2
n− k

F.

4.
When µ3 and µ4 are equal to zero, f1(x) is nothing but the standard normal prob-
ability density function. Moreover, since the log density is expressed in a very
simple form: log f1(x) = −∑4

k=0 µkx
k, the score function under the null is Ŝ1 =

n[0, 0, 0, ¹̂2, ¹̂4 − 3]. Thus the LM test statistics is (1/n)Ŝ ′
1J −1

1 Ŝ1 = n(¹̂2
3/6 + (¹̂2

4 −
3)2/24). The LM test statistics is exactly the same as Jarque and Bera’s normality
test. Since skewness of the distribution of financial asset returns is assumed to
be zero this test is hard to be applied in this case because the quartic exponential
distribution does not admit the symmetric and leptokutic behavior.

6.
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We know that V( ˆ̄OLS) = (X ′X)−1X ′ΣX(X ′X)−1 where Σ = V(²). After simple
calculation we obtain

(X ′X)−1X ′ΣX(X ′X)−1 =

[
0.435 −0.073
−0.073 0.0197

]
.

Thus the correct standard errors for ˆ̄
1,ols and ˆ̄

2,ols are 0.66 and 0.14, respectively.
So we can say that the conventional formula (¾2(X ′X)−1) gives lower s.e. than the
true variance formula.

7.
Consider the linear regression model with heteroskedasticity as y = X¯+ ², where
V(²) = Σ = diag(¾2

1, ¾
2
2, ⋅ ⋅ ⋅ , ¾2

n). We have ˆ̄
OLS = (X ′X)−1X ′y. Hence the true

variance V( ˆ̄OLS) = (X ′X)−1X ′ΣX(X ′X)−1. White considered an estimator of Σ
as Σ̂ = diag(¾̂2

1, ¾̂
2
2, ⋅ ⋅ ⋅ , ¾̂2

n), where ²̂ = y − X ˆ̄ and showed plim(1/n)X ′Σ̂X =

lim(1/n)X ′ΣX . Hence a consistent estimator of V( ˆ̄OLS) is (X ′X)−1X ′Σ̂X(X ′X)−1.

8.
This is a question about simple calculation of conditional mean and variance. Ob-
vious. The derived conditional variance function is the same as the ARCH(q)
model. This implies that the consideration of randomness in conditional mean
parameters affect conditional variation of the variable.

Bonus. [You should write down your derivation explicitly]
The correlation between ˆ̄

1 and ˆ̄
2 is ℂov( ˆ̄1, ˆ̄2)/(V( ˆ̄1)V( ˆ̄2))1/2 conditional on

x1 and x2. Since V( ˆ̄1) = ¾2(x′
1M2x1)

−1 and V( ˆ̄2) = ¾2(x′
2M1x2)

−1 we can write
x′
1M2x1 as (1−((x′

1x2)
2)/((x′

1x1)(x
′
2x2))x

′
1x1. Thus x′

1M2x1 = (1− ½̂2)x′
1x1. The same

applies to x′
2M1x2. Thus V( ˆ̄1) = ¾2(1 − ½̂2)x′

1x1 and V( ˆ̄2) = ¾2(1 − ½̂2)x′
2x2. By

calculation one can show that ℂov( ˆ̄1, ˆ̄2) = ¾2(x′
1M2x1)

−1x′
1M2M1x2(x

′
2M1x2)

−1.
Here x′

1M2M1x2 = (½̂2 − 1)x′
1x2. Thus we can write

ℂov( ˆ̄1, ˆ̄2) =
(½̂2 − 1)x′

1x2

¾2x′
1x1x′

2x2

.

This finally yields

ℂov( ˆ̄1, ˆ̄2)
(V( ˆ̄1)V( ˆ̄2))1/2

=
(½̂2 − 1)x′

1x2

(1− ½̂2)(x′
1x1)1/2(x′

2x2)1/2
= −½̂.
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