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SOLUTION

This solution contains only answers. Your exam answers will be graded based
on this solution, and they will be expected, at least, to have points along with
the presented solution.

This is a closed-book examination. Answer as many questions as you can. Credit
for each question is given in [ ]. GOOD LUCK!
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1.

This is a case of heteroskedasticity. The most efficient estimator of 3 is GLS estima-
tor.

Bars = (X'SX)T'X'5Y,

where

Thus, .
BG’LS o Z%/Iz
Var(Bors) = V((1/n) D (yi/x:) = V((1/n) D (Bxi + ) /1)
= (1/n*) Y _Vl(e)/ai=c*/n

We know that the OLS estimator is

A _ YiZi o Z Yi€;
ﬁOLS_ Zl’? _B+ Zx?
Hence, A
A >
e
Now

V(Bors) _ny
V(Bars) (7)?

By Cauchy inequality Y 2?n > (3. 2?)? = V(ﬁOLS) (ﬁGLs)

2. [15]

Since u;’s are N (0, 0? 4+ Z/«) and independent, we can write

T u%

Thus,
T 1 2
10gf<“17"'aUT):_§10g2”_§§ log o7 — ZZ%



where 62 = 0% + Z]a. Now u; = ¢, — pes_y

T 1 — pei-1)’
10gf(€17... 7€T) —= —510g2’ﬂ'— QZIOgOE—ij

Oi
But, ¢, = y, — ;3. Hence the log likelihood function in terms of vy, - - - , yr can be
written as
T 1 [(ye — 213) — p(yer2y3))?
l(&):—§10g2ﬂ—5210g0t2—z : = LESES

where 0 = (3,02, d/, p)'.

To test the autocorrelation and heteroscedasticity together, we can consider a LM-
test given the null:
Hy:p=ag=03=..=0a,=0

1 2
- —Y ez
. 20t ‘ot

The score vector is:
oL(0)

oa |y
ol(o 1

A joint test will be based on the correlation between (e and Z;) and (¢; and ¢;,_1).

3.

Rewrite the model as
Y = 2,0+ 0.5(y—1 — 1 ) + w
Y — 0.5yt_1 = (.’,Ct — 0.5[['15_1)/6 + Uy
with u; ~ 4.5.d(0, 02). Let

yf = ¥ — 0.5y,
i = xy— 052

We have
* */
Y =y B+ uy.

Then, we get Bors = (X*X*)"1X*Y.

Since, here we have a lagged dependent variable in the model we have to apply
Durbin-h test.

~

p

h—e — "
%—562(%)

— N(0,1)
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Where ¢, is the AR(1) coefficient, and n = 21.

DW
p = 1-— = 0.395
o1 0.97
= —=-—=0.18
se(91) t 539
Then, 0.305
h=——— =32> ZO.Ol

\/37 — 0.18?
Therefore the null hypothesis is rejected and the disturbances are autocorrelated.
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By &y ~ N(0,07), We have the conditional variance and kurtosis:
E(eilb) = of
E(eiltr) = 30}

Therefore,

Since we have

Var(e;) = EVar(edwy)) + Var(E(eliy))
= EB(o}) = (E(g}))* > 0
E(d}) > (E(o7))”

And, therefore,
Bef) _ 3B(o}) _ 3B(o})
(E()?  (E(o})? ~ E(d})

Hence, unconditional ¢,’s are not normal.

=3

Kuc -

Note that by adding only one extra parameter we improve the log-likelihood func-
tion by 25. LM test for normality of the ARCH model is also lower, though still
quite significant. The ARCH coefficient is significant. The t-stat for the regres-
sion coefficients are also higher for the ARCH-regression model. Since ARCH-
regression model capture the conditional heteroskedasticity, these estimators are



more efficient. Therefore, aside from complexity, the ARCH-regression model is
better then OLS model in all aspect.

5.
a)
[2SLS]
Bosts = (X,X)_lXY
= (X'Z2(Z2)' 22722 Z X)) XZ2(Z'2)ZY
(X'PzX) ' XPsY
[IV]
Brv = (X'X)7'XY
= (X'Z(Z2)'ZX)'XZ2(Z'2)7'Y
= (X'P;X)'XPsY
BZSLS:BIV
b)

VC (Variance-covariance) matrix of 2SLS estimator 3 is Var(3 = o2(X'X)"! —
Var(3 = 62(X'X)"", where 67 = @'a/(n = p) = (y = XP)'(y = XB)/(n - p). VC
matrix of the OLS estimator 3is Var(3 = 02(X'X) ™' — Var(f = 62(X'X) "}, where
62 ='0/(n—p) = (y— XB)'(y— XB)/(n—p). Since X # X, 62 # 62 though 3 = 3.
So OLS estimation gives us a wrong VC matrix for 3 which is a 2SLS estimator.
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a) Since we have

ogit(P;) = —4.5+ 1.7z; — 0.2517
P
1n(1_P) = —4.5+ 1.77; — 0.25z7
FOC:
1.7 0.51; =

Therefore the optimal number of pages is



b)
P

1n(1 5 ) = —4.5+1.7In40 — 0.25(In40)* = —1.6309
— 41
P
In(5 213 ) = —4.5+1.7In50 —0.25(In50)* = —1.6755
— 42

Then, we have

671.6309
6_1'6755

So the change of the probability is P, — P, = 0.16371 — 0.15769 = 0.006 02.
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[GMM]: Given the moment conditions:
E(rig;) = E(zi(yi — 7;8)) = g(2:,0)

We consider the GMM estimator:
. 1 1
0 = 1 - 7 9 Wﬁl_ iae
argmgm(n > gla:,0) - >~ g(:,0))

Where W is a consistent estimator of E(g(x;,6) g(x;,0)). To implement the GMME,
we need to estimate this weight matrix first (2-stage GMM).
[EL] Empirical Likelihood estimator is defined as:

0 = arg max In P
0,Py...P,

st ZPig(a:i,H):O,ZPZ-:LPi >0

[ET] The Exponential Tilting (ET) estimator is defined as:

§ = arg min (—ZPJDPZ-)

0,P;...Py
st Y Pgle;,0)=0Y P=1P>0

All of these three estimators are consistent, asymptotically normal. Small sample
properties of these estimators, however, might be different each other: ET and EL
estimators have smaller bias than GMM estimator.



8
Note that 5 (52
6_ Ty xl Yi
P(Y; =y;) = T

(6) = Y Infly:) =Y [—Bri+yilnB+yilna; —In(y!)

= B> wmtlmBY yit Y yilnw - ) In(y)

ol(0 1
L U WS DORL

A Z?/z

6MLE - Z i

To show {3 is consistent we only check lim,, .., E(3) = 8 and lim,_, Var( 3)=0.
Note that F(y;) = fz; and Var(y;) = Bx; (since y; ~ Poisson)

T 3 = ar Zyi = ﬁzmz = ﬁ — Uasn — OO
Varlf) =V (z) Cap o 0

Therefore (3,5 is consistent.



