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Continuous Probability Distributions

A continuous random variable can assume any value
in an interval on the real line or in a collection of
intervals.

It is not possible to talk about the probability of the
continuous random variable assuming a particular
value.

Instead, we talk about the probability of the
continuous random variable assuming a value within
a given interval.

The probability of the continuous random variable
assuming a value within some given interval from x;
to x, is defined to be the area under the graph of the
probability density function between x; and x,.




Uniform Probability Distribution

B A random variable is uniformly distributed
whenever the probability is proportional to the
interval’s length.

B Uniform Probability Density Function

f(x)=1/(b-a) fora<x<b
=0 elsewhere

where: g = smallest value the variable can assume
b = largest value the variable can assume



Uniform Probability Distribution

B Expected Value of x

E(x) = (a+b)/2

B Variance of x

Var(x) = (b -a)?/12

where: g = smallest value the variable can assume
b = largest value the variable can assume
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Example: Slater's Buffet

Uniform Probability Distribution

Slater customers are charged for the amount of
salad they take. Sampling suggests that the amount
of salad taken is uniformly distributed between 5
ounces and 15 ounces.

The probability density function is
f(x)=1/10 for5<x<15
=0 elsewhere
where:
x = salad plate filling weight



Example: Slater's Buffet

m Uniform Probability Distribution
for Salad Plate Filling Weight
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Example: Slater's Buffet

m Uniform Probability Distribution

What is the probability that a customer will
take between 12 and 15 ounces of salad?

fx)

P12 < x <15)=1/10(3) = .3
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Example: Slater's Buffet

B Expected Value of x
E(x) = (a+ b)/2

=(5+15)/2
=10

B Variance of x

Var(x) = (b -a)?/12

= (15 -5)?/12
=8.33



Normal Probability Distribution

B The normal probability distribution is the most
important distribution for describing a continuous
random variable.

B [t has been used in a wide variety of applications:
® Heights and weights of people
® Test scores
® Scientific measurements
®* Amounts of rainfall

B [t is widely used in statistical inference
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Normal Probability Distribution

B Normal Probability Density Function

‘ 9 0 9
1 o~ (X))~ 1207

F(X)= a
= 5

where:
U = mean
o = standard deviation
7 = 3.14159
e= 2.71828



Normal Probability Distribution

B Graph of the Normal Probability Density Function

fx)
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Normal Probability Distribution

m Characteristics of the Normal Probability
Distribution

® The distribution is symmetric, and is often
illustrated as a bell-shaped curve.

® Two parameters, 4 (mean) and o (standard
deviation), determine the location and shape of
the distribution.

® The highest point on the normal curve is at the
mean, which is also the median and mode.

® The mean can be any numerical value: negative,
zero, or positive.

... continued —
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Characteristics of the Normal Probability Distribution

B FEach combination of p and ¢ produces a unique
normal curve

B The standard deviation determines the width of the
curve: larger values result in wider, flatter curves.
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Normal Probability Distribution

B Characteristics of the Normal Probability Distribution

® The total area under the curve is 1 (.5 to the left of
the mean and .5 to the right).

® Probabilities for the normal random variable are
given by areas under the curve.
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Normal Probability Distribution

B Characteristics of the Normal Probability
Distribution

® 68.26% of values of a normal random variable are
within +/- 1 standard deviation of its mean.

® 95.44% of values of a normal random variable are
within +/- 2 standard deviations of its mean.

® 99.720% of values of a normal random variable are
within +/- 3 standard deviations of its mean.
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Standard Normal Probability Distribution

B A random variable that has a normal distribution
with a mean of zero and a standard deviation of one
is said to have a standard normal probability

distribution, denoted by N(0,1).

B The letter z is commonly used to designate this
normal random variable.

f(2) = %

18



Z-Values

For any normally distributed
random variable

x~N(u,c°)

We can convert x to its z values
as the following

The z value would have a
standard normal distribution

z~N(0,1)

So any normally

distributed variable can

be analyzed
with the standard
normal distribution.
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Example: Pep Zone

B Standard Normal Probability Distribution

Pep Zone sells auto parts and supplies including a
popular multi-grade motor oil. When the stock of this
oil drops to 20 gallons, a replenishment order is placed.

The store manager is concerned that sales are being
lost due to stockouts while waiting for an order. It has
been determined that leadtime demand is normally
distributed with a mean of 15 gallons and a standard
deviation of 6 gallons.

The manager would like to know the probability of a
stockout, P(x > 20).
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Example: Pep Zone

B Standard Normal Probability Distribution

The Cumulative Probabilities for Standard Normal
Distribution Table shows an area of .7967 for the

region under the curve to the left of the line z = .83.

Thus, the probability o

z=(x-w/o
= (20 - 15)/6
= .83

a stockout is 1-.7967=.2033.
Area = .7967

Area =1 - .2967
2033

0 .83
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Example: Pep Zone

B Using the Standard Normal Probability Table
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Example: Pep Zone

B Standard Normal Probability Distribution

If the manager of Pep Zone wants the probability of a

stockout to be no more than .05, what should the
reorder point be?

Area = .05

Area = 45

0 2,05
Let z is represent the z value cutting the .05 tail area.
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Example: Pep Zone

B Using the Standard Normal Probability Table

We now look-up the .9500 area in the Standard
Normal Probability table to find the corresponding
z o5 Value.

z s = 1.645 is a reasonable estimate.
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Example: Pep Zone

B Standard Normal Probability Distribution
The corresponding value of x is given by
X=Ht 2050
=15 + 1.645(6)
= 24.87

A reorder point of 24.87 gallons will place the
probability of a stockout during leadtime at .05.

Perhaps Pep Zone should set the reorder point at
25 gallons to keep the probability under .05.
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The Normal Distribution

B Say a toy car goes an average of 3,000 yards between

recharges, with a standard deviation of 50 yards (i.e., n
= 3,000 and & = 50)

B What is the probability that the car will go more than
3,100 yards without recharging?
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Example

B Say a toy car goes an average of 3,000 yards between
recharges, with a standard deviation of 50 yards (i.e., n

= 3,000 and & = 50)

B What is the probability that the car will go more than
3,100 yards without recharging?

P(x >3100) = P(z , 3190 _30()0) —

50
P(z >2.00) =1-P(z < 2.00)
=1-0.9772 = 0.0228
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Approximating a Binomial Distribution with
the Normal Distribution

B Discrete calculations may become very
cumbersome

B The normal distribution may be used to
approximate discrete distributions

® The larger n is, and the closer p is to .5, the
better the approximation

B Since we need a range, not a value, in the normal
distribution, the correction for continuity must be
used

® P(x=r)=P(r-0.5<x<r+0.5)=P(x<r+0.5)-P(x<r-0.5)
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Approximating a Binomial Distribution with the
Normal Distribution

Flip a coin 100 times and compare the binomial
and normal results of getting 50% heads.

100
P(x =50) = [ 50 ].550.550 =.0796

Binomial;

Normal;

P(49.5 < x <50.5) = P(49'5_50 <1< 505_50] =

5
P(-0.1<z<=0.1)=P(z<0.1)-P(z<-0.1)
=.5398-.4602 =.0796




Approximating a Binomial Distribution with the
Normal Distribution

Flip a weighted coin [P(H)=.4] 10 times and
compare the results of getting 50% heads.

10
Binomial: P(X=5)= ( . j-45.65 =.2007

Normal: w#=10-4=4
o =+10-4-6 =155

<Z
1.55 1.55

P(0.32 < 7 <0.97) =.8340—.6179 = .2085

I

P(45<x<55)= P(4'5_4 55_4):
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Approximating a Binomial Distribution with the Normal
Distribution

Flip a weighted coin [P(H)=.4] 10 times and
compare the results of getting 50% heads.

10
Binomial: P(X=5)= ( . }45.65 =.2007 =

The differs from .5, |

Normal: 4 =10-4=4 and the smaller n is,
the less precise the

o=+10-.4.-6 =155 approximation will be.

4.5 — 4
1.55

P(4.5<X<5.5)= P(
P(0.32 < 7 <0.97) =.3340—.1179 = .2085
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Exponential Probability Distribution

B The exponential probability distribution is useful in
describing the time it takes to complete a task.

B The exponential random variables can be used to
describe:

® Time between vehicle arrivals at a toll booth
® Time required to complete a questionnaire
® Distance between major defects in a highway
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Exponential Probability Distribution

B Exponential Probability Density Function

M forx>0, u>0

[ (%)=

l
1/
y2/

where: 1= mean
e =2.71828



Exponential Probability Distribution

B Cumulative Exponential Distribution Function

(% < i) = 1—a 0l

where:
x, = some specific value of x
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Example: Al’s Carwash

B Exponential Probability Distribution

The time between arrivals of cars at Al’s
Carwash follows an exponential probability
distribution with a mean time between arrivals of 3
minutes. Al would like to know the probability that
the time between two successive arrivals will be 2
minutes or less.

P(x<2)=1-2718282/3=1 - 5134 = .4866
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Example: Al’s Carwash

B Graph of the Probability Density Function
f%)

3 4 P(x<2)=area=.4866

— 1+t x
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Time Between Successive Arrivals (mins.)
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Relationship between the Poisson
and Exponential Distributions

(If) the Poisson distribution
provides an appropriate description
of the number of occurrences
per interval

(If) the exponential distribution
provides an appropriate description
of the length of the interval
between occurrences
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